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All f(R) modied gravity theories are onformally idential to models of quintessene in whih
matter is oupled to dark energy with a strong oupling. This oupling indues a osmologial
evolution radially dierent from standard osmology. We nd that in all f(R) theories that behave
as a power of R at large or small R (whih inlude most of those proposed so far in the literature) the
sale fator during the matter phase grows as t1/2 instead of the standard law t2/3. This behaviour is
grossly inonsistent with osmologial observations (e.g. WMAP), thereby ruling out these models
even if they pass the supernovae test and an esape the loal gravity onstraints.
PACS numbers: 98.80.-k
The late time aelerated osmi expansion is a ma-
jor hallenge to osmology [1℄. It an be due to an ex-
oti omponent with suiently negative pressure, Dark
Energy (DE), or alternatively to a modiation of grav-
ity, no longer desribed by General Relativity. Examples
of suh modied gravity DE models are theories where
the Rii salar R in the Lagrangian is replaed by some
funtion f(R), e.g. inverse powers R−n [2, 3℄. Although
these models exhibit a natural aeleration mehanism,
ritiisms emphasized their inability to pass solar sys-
tem onstraints [4℄. Indeed, f(R) theories orrespond
to salar-tensor gravity with vanishing Brans-Dike pa-
rameter ωBD [5℄. However one ould in priniple build
models with a very short interation range (e.g. adding
a R2 term [6, 7℄) or assume deoupling of the baryons
from modied gravity. Sine these models ould pass
loal gravity onstraints, it is important to assess their
osmologial viability: this is the aim of this Letter. We
will onsider models of the form f(R) = R−µ2(n+1)/Rn
for all µ, n suh that df/dR > 0; for all these models,
the sale fator a(t) expands as t1/2 instead of the on-
ventional t2/3 behaviour during the matter phase that
preedes the nal aelerated stage (in ontrast with in-
ationary models like Starobinsky's R2 one [8℄). This
would lead to inonsistenies with the observed distane
to the osmi mirowave bakground (CMB), the large
sale struture (LSS) formation, and the age of the Uni-
verse. This ruial fat appears to have been overlooked
so far.
Consider the general ation in the Jordan frame (JF)
S =
∫
d4x
√−g
[
1
2κ2
f(R) + Lm
]
, (1)
where κ2 ≡ 8πG (G is the gravitational onstant). For
a at Friedmann-Robertson-Walker (FRW) metri the
equations are given by
3FH2 = (RF − f)/2− 3HF˙ + κ2 ρm ,
2FH˙ = −F¨ +HF˙ − κ2 (ρm + pm) , (2)
where F ≡ ∂f/∂R, H ≡ a˙/a, and ρm and pm represent
the energy density and the pressure of a perfet uid,
obeying the standard onservation equation. These equa-
tions oinide with a salar-tensor Brans-Dike theory
with a potential and vanishing ωBD [9, 10℄.
Under the onformal transformation g˜µν = e
2ωgµν ,
2ω = logF , one obtains the Einstein frame (EF)ation:
SE =
∫
d4x
√
−g˜
[
R(g˜)
2κ2
− 1
2
(∇˜φ)2 − V (φ) + L˜m(φ)
]
,(3)
where φ ≡ √6ω/κ and V = sign(F )(RF − f)/2κ2F 2
(all tilded quantities are in EF). The onformal trans-
formation is singular for F = 0, so we will onsider only
positive-denite forms of F . Quantities in the two frames
are related as follows
ρ˜m = ρme
−4ω, p˜m = pme−4ω, dt˜ = eωdt, a˜ = eωa.(4)
Although we will work mainly in the EF, we heked
all numerial and analytial results diretly in the JF as
well. In EF the eld φ and the uid satisfy the standard
gravitational and onservation equations:
φ¨+ 3H˜φ˙+ V,φ =
√
2/3κβ(ρ˜m − 3p˜m), (5)
˙˜ρm + 3H˜ (ρ˜m + p˜m) = −
√
2/3κβφ˙(ρ˜m − 3p˜m), (6)
where the oupling β is given by
β = 1/2 , (7)
regardless of the form of f(R). Then the strength of the
oupling between the eld and the uid is uniquely de-
termined in all f(R) gravity theories. A dimensionless
strength of order unity means that matter feels an addi-
tional salar fore as strong as gravity itself. Note that β
is related to ωBD via the relation β = [3/4(2ωBD+3)]
1/2
.
The dynamis of the system depends upon the form of
the potential V (φ), i.e., the hoie of f(R). For theories
in whih f(R) = −µ2(n+1)R−n (n 6= −1, 0, negative n are
also inluded), the potential in EF is a pure exponential
V (φ) = A exp (−λκφ) , (8)
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Figure 1: Evolution of the frational energy densities (φ, mat-
ter, radiation) in EF for the model f(R) = R − µ4/R (top
panel). Overimposed as dotted lines the evolution of Ω˜φ for
n = 4 and 10. Notie the onstant value Ω˜φ ≃ 1/9 in the
φMDE phase between radiation and DE domination. In the
bottom panel we plot the evolution of the observed EOS wDE
of DE in JF and the eetive EOS in both EF and JF (n = 1).
where λ =
√
6
3
n+2
n+1 and A =
µ2(n+1)
2κ2n|n|1/(n+1) . The ondition
F > 0 implies A > 0 exept for −1 < n < 0: in this ase
sine the potential beomes negative we analyse diretly
the JF. In EF the R−n model orresponds to a oupled
DE senario studied in Refs. [11, 12℄ with the oupling
(7). We rst disuss the main properties of this expo-
nential potential and then extend them to the general
ase.
As shown in [12℄ for all values of n outside (−1, 0)
the system has one and only one global attrator solu-
tion, a salar-eld dominated solution with an energy
fration Ω˜φ = 1. This solution appears when the poten-
tial term in Eq. (5) dominates over the oupling term
on the r.h.s., and is therefore independent of the ou-
pling. On this attrator the sale fator evolves as
a˜ ∼ t˜2/[3(1+w˜eff )] where the eetive equation of state
(EOS) is w˜eff = −1 + λ2/3 = −1 + 2(2+n)
2
9(1+n)2 . This an be
identied with the aeleration today if µ ∼ H0.
Beside the nal attrator, a oupled eld with an expo-
nential potential has also another solution in whih mat-
ter and eld sale in the same way with time and, onse-
quently, their density frations are onstants. This epoh
has been denoted as φ-matter-dominated era (φMDE)
[11℄. As we will show in a moment, the φMDE plays
a entral role in this work. This epoh ours just after
the radiation era and replaes the usual MDE. During the
φMDE the energy fration Ω˜φ and the eetive EOS w˜eff
are onstant and given by [11, 12℄ Ω˜φ = w˜eff = 4β
2/9 .
Then we have Ω˜φ = w˜eff = 1/9 in f(R) gravity theories,
regardless of the form of f(R). Therefore, ontrary to
standard osmology, in oupled models DE is not neg-
ligible in the past (until the radiation era). In ontrast
to the aelerated attrator, the φMDE ours when the
oupling term in the r.h.s. of Eq. (5) dominates over the
potential term, as it an be expliitly shown. This aspet
is ruial for the present work sine it implies that the
φMDE exists independently of the form of f(R). In this
regime the sale fator behaves as a˜ ∼ t˜3/5: in the JF
this beomes a ∼ t1/2 instead of the usual t2/3 behav-
ior of the MDE. This is learly a strong deviation from
standard osmology and, as one an expet, is ruled out
by observations, as illustrated below. Notie that the JF
evolution in this phase orresponds to R = 0 as during
the radiation epoh but, just as in that ase, there is no
singularity in an inverse power-law theory beause this
behavior is not exat (see below). In the language of
dynamial systems, the φMDE is a saddle point.
To analyse numerially the full system (inluding the
radiation energy density ρrad whih obeys the standard
onservation equation in both frames), we introdue the
following quantities:
x1 =
κφ′√
6
, x2 =
κ
H˜
√
V
3
, x3 =
κ
H˜
√
ρrad
3
, (9)
where a prime denotes the derivative with respet to N ≡
log (a˜). The energy frations of the eld φ and of matter
are given by Ω˜φ = x
2
1 + x
2
2 and Ω˜m = 1 − x21 − x22 − x23,
respetively. The eetive EOS and the eld EOS are
w˜eff = x
2
1 − x22 + x23/3 and w˜φ = (x21 − x22)/(x21 + x22), re-
spetively. The omplete system has been already stud-
ied in Ref. [11℄ and we will not repeat it here. The φMDE
orresponds to the xed points (x1, x2, x3) = (1/3, 0, 0)
with Ω˜φ = w˜eff = 1/9. After this, the universe falls on
the nal attrator, whih is the aelerated xed point
(x1, x2, x3) = (λ/
√
6,
√
1− λ2/6, 0) with Ω˜φ = 1 and
w˜eff = −1 + λ2/3.
To return to the JF we an simply apply the transfor-
mation law (4). In the regime where radiation is negligi-
ble (x3 ≃ 0) we obtain the following eetive EOS
weff =
1
3
− 2n
3(1 + n)
x22
(1− x1)2 , (10)
together with the relation
Ωm ≡ κ
2ρm
3H2F
=
Ω˜m
(1− x1)2 . (11)
For the aelerated attrator we have weff = −1 +
2(2+n)
3(1+n)(1+2n) (this relation was originally found in the
ontext of ination in [13℄), whih gives weff = −2/3 for
n = 1. The φMDE orresponds to x2 = 0 and therefore
weff = 1/3 for any n, giving a ∝ t1/2. From Eq. (11) one
has Ωm = 2 and ΩR ≡ (RF − f − 6HF˙ )/6FH2 = −1
3in the φMDE [see Eq. (2)℄. Sine ΩR does not need to
be positive denite, Ωm an be larger than unity without
any inonsisteny.
Notie also that wφ diers from the quantity wDE used
to annalyse SN data and dened through the equation
H2 = H20 [Ω
(0)
m a−3 + (1 − Ω(0)m )a−3 exp(−3
∫
dawDE/a)].
We will also omputte wDE below.
Most modiations of gravity suggested in the liter-
ature onsider terms in addition to the usual Einstein-
Hilbert Lagrangian. For instane, several authors have
studied the following DE model [2, 3℄:
f(R) = R− µ2(n+1)/Rn . (12)
In this ase the potential in EF is given by
V (φ) = Ae−
2
√
6
3 κφ(e
√
6
3 κφ − 1) nn+1 , (13)
whih vanishes at φ = 0 and has a maximum at κφ =
2(n + 1)/(n + 2). In the limit φ → ∞ it behaves as
V (φ) ∝ exp(−λκφ). For negative n the pure exponen-
tial approximation is always good during the past osmi
history if the higher-urvature term is responsible for the
present aeleration, beause we are always in large R
limit. For positive n the potential (13) diers from the
pure exponential one in the limit R≫ µ2 and one might
expet that for these values the evolution goes on as in
the standard ase and, in partiular, the φMDE disap-
pears. However, we show now by building an expliit
solution that in reality this does not happen.
Let us fous on the R − µ4/R model taken for sim-
pliity without radiation. During the φMDE one an
approximate the sale fator in JF as a(t) = (t/ti)
1/2 +
ǫ(t)(t/ti)
9/4
where ti is an initial time at the beginning of
the φMDE. This solution is valid at rst order in ǫ pro-
vided ǫ = (µ2/144H2i )/((ρ
(i)
m /3H2i )−
√
H/Hi)
1/2
, whih
is indeed small for µ of order H0 as present aelera-
tion requires. After some time, the orretion gets larger
than the zero-th order term itself and the φMDE is fol-
lowed by a phase of aelerated expansion. Then the
beginning of the late-time aeleration is quantied by
the ondition t ≈ (144H2i
√
(ρ
(i)
m /3H2i )/µ
2)4/7 ti. A sim-
ilar argument applies for any n < −1, n > −3/4 with a
orretion growing as t5/2−1/2(n+1). Sine R is of order
µ2 at the beginning of the φMDE, the term µ4/R domi-
nates over R after the radiation era. This applies for any
µ, no matter how small. In other words, the limit µ→ 0
of a fourth-order theory does not redue to seond-order
general relativity if, at the same time, one imposes the
onditions of aeleration today (fr. [14℄).
For larger µ (≫ H0) the φMDE an be shortened or
bypassed from the above ondition, but then DE domi-
nates soon without a matter dominated epoh. Thus we
have only two ases: either (i) the φMDE exists, or (ii)
a rapid transition from the radiation era to the aeler-
ating stage (without φMDE) takes plae. In summary,
the system never behaves as in a standard osmologial
senario exept during radiation (during whih matter
and eld play no role in the expansion rate). In other
words, whenever matter is dynamially important, DE is
also important as a onsequene of the oupling. We now
onrm all this by a diret numerial integration.
In Fig. 1 we plot the evolution of Ωφ, ΩDM and Ωrad
and the equation of state in EF for n = 1, 4 and 10 and
µ ≈ H0. The present values of the radiation and matter
density frations are hosen to math the observations in
JF. As expeted, the system enters the φMDE after the
radiation era and nally falls on the aelerated attra-
tor. We ran our numerial ode for other positive and
negative values of n (from n = −10 to n = 10, limiting
to the aelerating ases) and found similar osmologial
evolutions. The plots in Fig. 1 are therefore qualitatively
valid for any R+αR−n model (provided F > 0). It is also
interesting to observe that the EOS is strongly varying
with time just near z = 0: this should serve as a reminder
that a simple parametrization of wDE may often fail to
desribe interesting osmologies.
We an show now that an eetive EOS weff = 1/3 dur-
ing the φMDE is osmologially unaeptable. In prin-
iple this should be shown ase by ase by a omplete
likelihood analysis of CMB and LSS data (see [16℄ for
suh an analysis for various oupled models), but this
program is hardly feasible if we want to make general
statements on f(R) theories. Instead we take a simpler
but general approah. We alulate the angular size of
the sound horizon
θs =
∫ ∞
zdec
cs(z)dz
H(z)
/
∫ zdec
0
dz
H(z)
, (14)
where c2s(z) = 1/[3(1+3ρb/4ργ)] is the adiabati baryon-
photon sound speed. Aording to the WMAP3y results
[15℄, the urrently measured value assuming a onstant
w is θs = 0.5946± 0.0021 deg. As radiation follows the
same onservation law, the thermal history is the same
as in usual osmology so that zdec is unhanged. It is
easy to show that the integrand dz/H(z) is onformally
invariant. For the model (12) we integrate numerially
the equations of motion in EF (inluding radiation) by
hanging initial onditions for x1, x2, x3 via a trial and er-
ror proedure until we obtain a present universe with a JF
matter and radiation densities as observed in the WMAP
data (we used Ω
(0)
m = 0.3 and h = 0.7). One we have
the full bakground solution we evaluate θs with zdec ob-
tained by solving the relation z˜dece
κ(φ−φ0)/
√
6 = zdec. We
have two ompeting eets: rst, sine the φMDE is more
deelerated than in the usual ase r(zdec) will be system-
atially smaller; seond, the physial sound horizon dis-
tane at deoupling is smaller than in usual osmology
partly beause in our models a ∝ t1/2 also between teq
and tdec with zeq > zdec and mostly beause H(z) before
deoupling is muh higher than in the standard ase. As-
suming H(z) = H0(1 + z)
2
instead of (1 + z)3/2, H(zdec)
beomes 30 times larger than in standard models. We
nd that the seond eet is by far the dominating one,
and as a onsequene θs turns out to be an order of mag-
nitude smaller than the observed value. In pratie, we
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Figure 2: The sound horizon angular distane θs as a funtion
of the oupling β for n = 1 (thik line) and n = −2, 3, 10
(dotted lines). The disk marks the value for β = 1/2. The
grayed region shows the WMAP3y onstraint at 4σ.
nd that θs an be approximated to a few perent using
a standard osmologial model with an unoupled dark
energy omponent and a matter omponent with ee-
tive equation of state w = 1/3. The typial values we
nd are near θs ≈ 0.03 deg, i.e. more than ten times
smaller than in a standard model. The periodi spaing
∆ℓ between the aousti peaks in the CMB will be larger
too by nearly the same fator.
In Fig. 2 we plot the value of θs as a funtion of the
oupling onstant β (see eqs. 5-6) and for several n's.
Clearly there is no way that small hanges in Ω
(0)
m or h
or weff an ure this problem. Disrepanies are found
as well for the age of the universe whih turns out to be
near 10-11 Gyr. As to be expeted, we also nd that
the perturbations depart signiantly from the standard
ase (as in pure exponential oupled models [16℄): for
the matter density ontrast on sub-horizon sales we nd
δ ∼ a2 during φMDE instead of the standard linear law.
It is possible to generalize our results in several ways.
First, one an show by diret substitution that the stan-
dard matter era t2/3 is a solution of (2) only for pure
power laws (plus possibly a osmologial onstant) R−n
with n = −1,−(7±√73)/12. In the last two ases, how-
ever, the matter era ours for Ωm = 0 and is therefore
unaeptable. The rst ase is learly the pure Einstein
ase: this shows that a standard sequene of (exat) t2/3
expansion followed by aeleration an our only for
ΛCDM. In ontrast, the φMDE generially exists as a
saddle point. For R−n with −1 < n < −3/4 the φMDE
is instead a stable point and the models are ruled out
anyway. Still, this alone does not guarantee that the
φMDE is always reahed, regardless of the initial on-
ditions, and a ase-by-ase numerial analysis is nees-
sary. We explored extensively models like f(R) = exp(R)
and log(R) and always found φMDE before aelera-
tion. We also arried out a preliminary analysis of La-
grangians for the models like f = R − c(RµνRµν)−n,
f = R−c(RαβγδRαβγδ)−n and f = R−c(RGB)−n (where
RGB is a Gauss-Bonnet term) and did not nd any a-
eptable osmologial evolution.
For the f(R) = R − µ41/R + µ2R2 models, two meh-
anisms that ould satisfy the loal gravity onstraints
were suggested. One [6℄ ahieves a short interation
range (or a large eld mass) by adjusting µ1, µ2 so that
d2V (φ)/dφ2 vanishes today, when R =
√
3µ21. Before this
the R2 term dominates and therefore we are bak in one
of our ases and the φMDE takes plae. Moreover, we
nd that the loal minimum in the EF potential for suh
a lass of Lagrangians does not lead to a late-time (ee-
tive) osmologial onstant. Another possibility to build
a large mass is to take a very small µ2 [7℄, but in this ase
it is the 1/R term that dominates the osmologial evo-
lution from the end of radiation, and again we are bak
in one of our ases. So even models that are designed to
pass loal gravity experiments fail our osmologial test.
In summary, the main feature of our analysis is the mod-
iation of the standard matter dominated epoh for the
f(R) dark energy models investigated here. Hene these
models are ruled out as viable osmologies even if they
are arranged to pass the Supernovae test and the loal
gravity onstraints. We onjeture that our results apply
to a muh larger lass of f(R) models; the preise on-
ditions that determine the osmologial behavior will be
published in future works.
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